Let G be a locally compact nondiscrete group, and let n be a Haar measure on an open subgroup of G. It is not hard to show that vi must be the restriction of a Haar measure v on all of G. Here we show that there exists a translation invariant measure jt» (found by extending vi to the cosets of H in a natural way) which agrees with v on, for example, (v) <r-nnite sets, open sets, and subsets of H. Although v can be computed from n in a relatively simple manner, the two measures are not equal in general. In fact, there is an extreme case, namely when H is not <r-compact and has uncountably many cosets, in which it fails very badly to be regular-there are closed sets on which u is not inner regular and (other) closed sets on which u is not outer regular. One condition sufficient for this extreme case to be possible is when G is Abelian and not <r-compact.
1. Definitions and notation. Let p. be a (nonnegative, countably additive) measure defined on a <r-algebra Af of subsets of a topological space A. If 5 is in M, we say that p is inner regular on 5 if pS = sup\pC:C £ M, C compact, C C S}.
We say that p is outer regular on 5 if pS = inf{Mc7:Z7£ Af, U open, UDS}.
Following [2, 11 .34], we say that p is regular if it is outer regular on every set in M and inner regular on every open set in M, and if every compact set in M has finite measure.
By Haar measure on a locally compact group G, we mean a left Haar measure as defined in, e.g., [2] ; that is to say, a left-translation invariant, regular, nondegenerate measure on a ^-algebra M(G) of subsets of G. M(G) contains all the closed subsets of G and consists of all the sets which are measurable with respect to the Caratheodory outer measure associated with the measure.
If if is a subgroup of G (not necessarily normal), G/H denotes the space of left cosets of H in G. If 5 is a set, P(S) denotes the collection of all subsets of 5; |5| denotes the cardinality of 5. (2) Let SeM(G), with 5 open or pS < «o. There is a countable set {xj} such that p5= Ey" i vi(XjSH\H). For each j, there is a tr-compact set Cj such that CjEx,Sr\H and viCj = vi(xjSC\H). Thus pS=T, nCj = E n(x?C,) = p^xj'Cj) ^XS^pS, where X is as in Lemma 1, since \Jxf1Cj is a o--compact subset of 5. Now Lemma 1 applies, so that c is a regular measure defined on M(G); it is obvious that v has the other properties required of a Haar measure.
(3) This statement is obvious. (4) If H is not <r-compact, then (16.14) of [2] shows that there is a closed subset of H on which v (and therefore p) is not inner regular.
(5) If G/H is uncountable, then an argument easily derived from the proof of (16.14) (op. cit.) shows that there is a closed subset F of G such that juP=0 and vF-00 ; thus pU = 00 for any neighborhood U of F and p is not outer regular on P.
Notes on Theorem 1. I. Statements (4) and (5) each imply that G is not (r-compact. Theorems 2 and 3, below, state conditions under which (4) and (5) then XFi = 0, p.Fi=i>Fi= oo and XF2=pF2 = 0, vF2= oo.
